Accurate determination of breakdown pressure in the presence of pre-existing fracture (e.g., natural fractures or perforations) can assist engineers better manage expected fracture gradients. The classical models by Hubbert and Willis, and Haimson and Fairhurst did not account for the existence of pre-existing fractures in predicting breakdown pressure. In addition, the available fracture models for the calculation of breakdown pressure do not consider nonlinear internal pressure distribution in the pre-existing fracture. Finally, some of them either ignored near wellbore stress concentrations, or they are limited to specific fracture dimensions.
Introduction
Fracture-mechanics analysis of the breakdown pressure process is important in both drilling (e.g., leakoff test data interpretation, fracture gradient determination), well construction (e.g., casing design), and hydraulic fracturing (e.g., required horse power, mini frac analysis) [Detournay and Carbonell, 1997] . Leak off testing or extended leak off testing is conducted during drilling and the number of test locations is limited, which restricts the prediction of fracture gradient; significant error can occur if there are pre-existing natural fractures intersecting the wellbore. The expensive Mini Frac test is also conducted at a few targeted formations. Misinterpreting cased hole mini frac test data with continuum mechanics is not uncommon in industry. Having a reliable model for breakdown pressure prediction can help save huge costs of field testing. In fracture mechanics, breakdown pressure is defined as a critical pressure at which fracture occurs at the tip of a pre-existing fracture (e.g., natural fracture intersecting borehole, or perforation emanating from the borehole) [Ingraffea, 1977] . In continuum mechanics, it is defined as the critical pressure at which crack occurs during pressurization of a borehole [Detournay and Carbonell, 1997] . The peak pressure in the recorded pressure-time curve during Leak off test, Mini Frac, or hydraulic fracturing operation is therefore considered to represent the breakdown pressure. Another important concept is fracture initiation pressure, which is defined as the critical pressure at which a fracture initiates from the position where a perforation intersects the borehole [Wang and Dusseault, 1991] , or a small initial defect at the wellbore starts to propagate [Detournay and Carbonell, 1997] . Fracture initiation pressure is equal to or a little bit lower than breakdown pressure [Ishijima and Roegiers, 1983] . Two classical expressions of breakdown pressure have been widely used in the industry for decades:
For impermeable rocks, the Hubert-Willis expression [Hubbert and Willis, 1957 ] is usually selected:
For permeable rocks, the Haimson-Fairhurst expression [Haimson and Fairhurst, 1967] is preferred:
where, P b is the breakdown pressure, σ h and σ H are the minimum and maximum horizontal in-situ stresses, respectively, T is the tensile strength of the rock formation, p o is the pore pressure, η is the poroelastic parameter in the range of 0 to 0.5 [Detournay and Cheng, 1992] . For convenience in this paper, all the input values are positive. In the interpretation of results, the tension is considered as positive, and compression as negative.
The validity and feasibility of Eqs.1 and 2 are based on the assumption that the near wellbore region is intact, homogeneous, and elastic. However, both the formation image logging and core analysis have indicated that natural fractures or mechanically induced fractures near wellbore exist [Haiqing et al., 2004] . The existence of perforations also impairs the authority of Eqs.1 and 2. It has been observed that the influence of initial fracture length on breakdown pressure could not be neglected if it is about 4% of the borehole radius [Bunger et al., 2010] . Therefore, it is important to introduce a reliable fracture mechanics model to calculate this breakdown pressure.
Breakdown pressure has been addressed using fracture mechanics for decades [Abou-Sayed et al., 1978; Ishijima and Roegiers, 1983; Atkinson, 1987; Rummel, 1987; Rummel and Hansen, 1989; Wang and Dusseault, 1991; Barry et al., 1992; Weijers et al., 1996; Detournay and Carbonell, 1997] , but few papers covering this topic have been published in the literature, especially in petroleum engineering. An important definition in fracture mechanics is stress intensity factor (SIF), which is defined as a parameter predicting the stress state in the vicinity of crack tip caused by a remote loading or residual stress [Anderson, 2005] . It is assumed that fracture initiation occurs once the following critical condition is satisfied,
where, K I is the SIF of Mode I fracture (opening mode), K IC is Mode I fracture toughness. Sliding mode fracture is not considered in this paper because shear strength of rock is several times of tensile strength.
A fracture mechanics model has been developed to calculate breakdown pressure for two symmetrical fractures ( Fig. 1) emanating from the borehole [Paris and Sih, 1965; Abou-Sayed et al., 1978; Barry et al., 1992] ,
where, a is the pre-existing fracture length, R w is the borehole radius, f (a/R w ) and g (a/R w ) are calibrated functions listed in Table 1 . Borehole pressure is represented by P w , while the internal fracture pressure is less or equal to P w . The yellow arrows represent a non-uniform normal stress acting on the crack faces because of near wellbore stress concentrations. The green arrows represent distribution of internal pressure of fracture. σ h and σ H are the two far field stresses. θ is the angle with respect to maximum horizontal principal stress, counterclockwise direction is positive. R w is the borehole radius, and a is the crack length.
Because the original fracture model was developed by Paris and Sih, and extended to hydraulic fracturing by Abou-Sayed, Equation 4 is referred to as the PSA Method in this paper. Table 1 Values of f (a/R w ) and g (a/R w ) for two symmetrical radial cracks [Paris and Sih, 1965; Barry et al., 1992] It is known that the near wellbore stress field is nonlinear because of stress concentrations [Jaeger and Cook, 2007; Fjar et al., 2008] . In addition, the internal fracture pressure may not be uniform either. The limitations of current fracture models in hydraulic fracturing are,
(1) Most of the formulas of SIF in the handbook are only applicable to uniform and linear loadings [Tada et al., 2000] ;
(2) Boundary collocation method is employed to calculate the stress intensity factor for two symmetrical radial fractures emanating from a circle, but it is only applicable for fracture aligning with principal stress and not applicable to nonconstant pressure inside the pre-existing fracture [Newman Jr, 1971; Tada et al., 2000] ;
(3) Some models cannot account for nonuniform pressure distribution inside the pre-existing fracture, and only applicable to a specific dimensionless fracture length [Paris and Sih, 1965; Barry et al., 1992] .
(4) J-integral method is reliable and has been used extensively in fracture mechanics, but is not convenient in engineering practice because of complex numerical integral [Rice, 1968b; a] .
(5) Technically, SIF can be solved with the weight function method introduced and proved by Bueckner [Bueckner, 1970] and Rice [Rice, 1972] , and developed by Glinka and his group Glinka and Shen, 1991; Zheng and Glinka, 1995; Glinka, 1996; Zheng et al., 1997; Kiciak et al., 2003] . The weight function for two symmetrical radial cracks emanating from a circle, however, to the best of our knowledge, is not yet available in the literature [Detournay and Carbonell, 1997] .
The objective of this paper is to integrate the stress concentrations near the borehole with the nonlinear internal pressure in the pre-existing fracture, the dimensionless crack length (ratio of crack length to borehole radius), and the deviation angle between principal stress and pre-existing fracture orientation into one weight function model for the breakdown pressure prediction. Kirsch solutions [Jaeger and Cook, 2007] , SIFs by boundary collocation method [Newman Jr, 1971; Tada et al., 2000] , and two reference stress intensity factor method are applied simultaneously in solving for the weight function parameters with numerical programming. A table of weight function parameters for a series of consecutive fracture sizes is provided for the convenience in engineering applications. Three correlation equations of weight function parameters are also derived for scientific computation. Effects of pre-existing fracture orientation and length, in-situ stress contrast, and fracture toughness on breakdown pressure are investigated. Influence of fluid viscosity and flow rate on fluid pressure loss inside pre-existing fracture is not accounted for directly because of the complexity in developing its analytical solution. Instead, a nonlinear equation of pressure inside pre-existing fracture is assumed to study its influence on breakdown pressure. In the sensitivity analyses, breakdown pressure is compared against results attained by the PSA method. Finally, the weight function based breakdown pressure is verified against the measured breakdown pressure in the laboratory hydraulic fracturing experiments.
Stress Intensity Factor Derivation Using the Weight Function Method
The weight function is a characteristic property of a specific fracture, and is independent of the applied load [Bueckner, 1970; Rice, 1972] . It has been widely implemented in engineering fracture mechanics because it simplifies the calculation of SIFs under complex loading condition to a relatively simple integration:
where
where, i =1, 2, 3;
is the original stress field at the position of pre-existing fracture in an intact rock. It is normal to prospective crack surface. M 1 , M 2 , and M 3 are weight function parameters. K i is the SIF corresponding to ) ,
The specific problem we are investigating is two symmetrical radial fractures emanating from the borehole, whose 2-D plane strain schematic is as shown in Fig. 1 . For a specific fracture, its SIF under any stress field can be calculated easily after solving its weight function parameters [Bueckner, 1970; Rice, 1972] .
The net stress acting before the fracture is given by:
where, x is the distance from wellbore wall, and P(x, P w ) is the internal pressure distribution in the pre-existing fracture.
The major steps of solving weight function parameters are listed in the following:
Step I: Assuming there were no fractures in the body, apply two different stress boundaries, and using Eq. 7 to calculate two different net stress fields σ 1 (x) and σ 2 (x) on fracture surface.
Step II: Find the corresponding SIFs for the two stress fields from the literature, or calculate them via a numerical method if they are unavailable.
Step III: Take the derivative of Eq. 6 with respect to θ at x = 0, and set it equal to zero. This is a geometric characteristic of central and edge cracks [Fett et al., 1987] .
Step IV: Solve Eqs. 4-7 simultaneously for weight function parameters.
Following Steps I -III, three formulas were derived for solving the weight function parameters:
and, 0 2 1
The boundary collocation based SIFs [Newman Jr, 1971; Tada et al., 2000] for the specific fracture geometry in Fig. 1 were applied to solve weight function parameters. Details about the derivation and validation of weight function based SIF for two symmetrical fractures emanating from circle are published elsewhere [Jin, 2013] 
where,
, 0.001 ≤ a/R w ≤ 100.
Breakdown Pressure Calculation Using Fracture Mechanics
After solving the weight function parameters for different fracture geometries and substituting Eqs. 6 and 7 into Eq. 5, according to fracture initiation criterion in Eq. 3, the following nonlinear equation is obtained,
The only unknown is P w . A numerical program is required to find root of Eq. 14.
Sensitivity Study of Breakdown Pressure
In this section, the influence of pre-existing crack length and orientation, fracture toughness, in-situ stress contrast, and internal pressure distribution on breakdown pressure are investigated. When conducting sensitivity studies, the internal pressure distribution of pre-existing fracture was assumed to be constant. Although the flow rate and fluid viscosity affect friction pressure losses in perforations [Lord and Shah, 1994] , they are not considered in the current research phase. The basic input used in the sensitivity analyses is listed in Table 2 . In this analysis, the breakdown pressure obtaining from the weight function method was also compared against the PSA method. The comparison allows checking for the validity of this approach and identifying its advantages and disadvantages.
Influence of Pre-existing Crack Length on Breakdown Pressure
The stress concentrations near the borehole vary with distance from the borehole wall. It is difficult to determine the exact penetration depth or natural fracture length intersecting the borehole, although the laboratory testing or logging tools can aid in this estimation. The results are shown in Fig. 2 .
It can be observed that (1) breakdown pressure decreases with increasing dimensionless crack length for the case currently considered (if the stress contrast is different, the relationship will vary, as is shown later in Section 4.3); (2) when 1 Borehole radius varies with drill bit size. It is assumed as 0.1 m in this paper.
dimensionless crack length is less than 0.1, breakdown pressure is very sensitive to dimensionless crack length, and grows exponentially with decreasing dimensionless crack length; (3) Results of both methods agree well with each other; (4) PSA method, however, can only predict breakdown pressure for several specific fracture geometries, which limits its application in the field.
The analysis indicates that for an accurate quantification of breakdown pressure for pre-existing fracture, the knowledge of an accurate fracture length is required, especially for a short fracture. 
Influence of Crack Orientation on Breakdown Pressure
Perforation guns are recommended to shoot in the maximum principal stress direction to prevent or alleviate fracture tortuosity near the borehole [Dusterhoft, 1994; Yew, 1997; Economides and Nolte, 2000] . In the field, however, it is expensive and difficult to orient the guns to a prescribed direction, and sometimes the information of in-situ stress orientation is not reliable in complex geological environment. In addition, most of the pre-existing natural fractures deviate a few degrees from the maximum horizontal in-situ stress direction [Higgins, 2006] . It is known that near wellbore stress varies with the hoop direction [Fjar et al. 2008] ; consequently SIFs of pre-existing fractures at different deviation angle vary. Table 2 constant, the results are shown in Fig. 3 .
Keeping other parameters in
It can be observed that (1) breakdown pressure varies with crack deviation angle in a sinusoidal fashion, and increases with increasing deviation angle; (2) Breakdown pressures by both methods agree well with each other for different dimensionless crack lengths. In engineering application, a conservative value of breakdown pressure is suggested and can be calculated by taking an average of breakdown pressures for a series of deviation angles.
Influence of Stress Contrast on Breakdown Pressure
In-situ stress anisotropy is common in the field [Jaeger and Cook, 2007] , therefore, studying the influence of stress contrast on breakdown pressure can help engineers foster perception of breakdown pressure in formation with different stress contrasts. Keeping other parameters in Table 2 constant, investigating the sensitivity of SIF of pre-existing fractures to the change of stress contrast by varying maximum horizontal in-situ stress, σ H = 20, 25, and 30 MPa, which corresponds to three different stress contrasts of 5, 10, 15 MPa. The results are shown in Fig. 4 .
It can be observed that (1) at greater stress contrast, the breakdown pressure does not decrease monotonically with increasing dimensionless crack length at large stress contrasts; (2) there is a minimum value of breakdown pressure near the wellbore (e.g., dotted curve); (3) breakdown pressure by both methods agree well with each other at different stress contrasts. In engineering application, this analysis has proven that it is incorrect to assume that the breakdown pressure for long fracture is lower than for short fracture if the difference in both cases is only the stress contrast. 
Influence of Fracture Toughness on Breakdown Pressure
Fracture toughness changes with rock types [Barry et al., 1992] . For the same rock type, increasing temperature or confining pressure will increase the fracture toughness [Zhao and Roegiers, 1993; Al-Shayea et al., 2000] . Therefore, the field measured fracture toughness is usually larger than the laboratory measured fracture toughness [Shlyapobersky et al., 1988] . Table 2 
Keeping other parameters in

Influence of Internal Fracture Pressure on Breakdown Pressure
The objective of this paper is not to derive an accurate pressure decline function inside pre-existing fracture, but highlighting the advantages of the weight function method in solving petroleum related fracture mechanics problems. The PSA method is only applicable to the case with constant internal fracture pressure. The weight function method, however, can be applied to study fractures under any nonlinear stress distribution.
The internal pressure distribution for impermeable rock is assumed to be constant, while it is assumed to be a declining function for permeable rock. Assuming that the pressure at the heel of pre-existing fracture is equal to the borehole pressure, and pressure at the tip of the pre-existing fracture is zero because of the existing fluid lag [Jeffrey, 1989] . Therefore, the nonlinear fracture pressure distribution is assumed as follows:
Keeping all parameters in Table 2 constant, two cases are investigated: Case I: pressure declines as Eq. 15; Case II: internal pressure is constant, equal to the borehole pressure. The results are depicted in Fig. 6 . It is observed that breakdown pressure by declining pressure function is about twice that of constant internal pressure of fracture. This emphasizes that the determination of internal pressure distribution function is critical in the calculation of an accurate breakdown pressure. 
Experimental Verification
Scaling laws have been developed for hydraulic fracturing experiments [De Pater et al., 1994; Berchenko et al., 2004] . In this investigation, a triaxial hydraulic fracturing system shown in Fig. 7 was used to simulate the hydraulic fracturing process in the laboratory. The workflow of the experimental procedure is shown in Fig. 8 . The properties and dimensions of experimental samples are listed in Tables 3 and 4. A high viscosity fracturing fluid was selected to minimize leak-off. The internal pressure distribution is assumed constant. Additional details about the experimental procedures have been published previously [Zhou et al., 2008] . Measured breakdown pressures were selected from experiments conducted for studying fracture propagation, as shown in Table 5 .
It should be pointed out that many laboratory experiments could not fulfill the research objectives because of the following reasons: the uncertainties of sample properties caused by environment temperature during sample drying (some of the experiments were done in summer, while others were conducted in winter), the difficulty to predict accurate fracture toughness under confining pressure [Zhao and Roegiers, 1993] , uncemented interface between simulated borehole and sample, complexities in sample preparation and conducting hydraulic fracturing experiments [Haimson, 1981] . In addition, the prolonged test and high expenses did not allow the repetitions of all the experiments reported here. Therefore, in order to verify the theoretical breakdown pressures against the measured values, only 6 successful experiments were selected from more than 40 sets of experiments. The experimental conditions and breakdown pressures for these tests are listed in Table 5 .
Fracture toughness for the experimental conditions was not available, so it was fine-tuned to calibrate the theoretical breakdown pressures against the measured values.
The steps of experimental verification are as follows:
Step I: Collect qualified measured breakdown pressures (see Table 5 ).
Step II: Calculate theoretical breakdown pressures with parameters in Table 5 by fine-tuning fracture toughness at experimental conditions.
Step III: Compare theoretical breakdown pressure against experimental results (see Fig. 9 ). MPa-m 0.5 , the one at 1-6 MPa is 2.9 MPa-m 0.5 .
It can be observed from Fig. 9 that theoretical and experimental breakdown pressures are in good agreement when σ h = 1
MPa, σ H = 4 MPa, but not as good when σ h = 1 MPa, σ H = 6 MPa. The possible reasons for this can be attributed to uncertainty of fracture toughness at high stress contrast and high deviation angle, or that the position of fracture initiation did not takes place at the tip of the pre-existing fracture.
2 The vertical stress is 15 MPa. The high vertical stress was applied to produce plane strain condition. 3 A-B-C, "A" represents σ h , "B" represents σ h , "C" represents deviation angle with respect to σ H orientation
Discussion and Conclusions
We presented the procedure of solving weight function parameters for two pre-existing symmetrical radial cracks emanating from a borehole. A table and three correlation equations of weight function parameters were provided for engineering applications. The weight function method is applied to calculate the breakdown pressure, which is then compared against the breakdown pressure by the PSA method by assuming the internal fracture pressure to be constant. Results of both methods are in very good agreement. This proves the validity of the weight function method in solving for the breakdown pressure. In addition, breakdown pressure by the weight function method was verified against some laboratory hydraulic fracturing experiments. The results were matched by fine-tuning fracture toughness at experimental conditions. Even then, complexities of hydraulic fracturing experiments in some cases lead to disagreement between the experimental and theoretical breakdown pressures.
Sensitivity analyses were conducted to investigate the influence of pre-existing crack length and orientation, fracture toughness, in-situ stress contrast, and internal pressure distribution on breakdown pressure. It is concluded that: (1) breakdown pressure does not always decrease with increasing fracture length; at a relatively large in-situ stress contrast, there is an optimum distance from the borehole wall for a minimum breakdown pressure; (2) breakdown pressure is highly sensitive to a short dimensionless crack length; (3) breakdown pressure changes sinusoidally with the pre-existing crack deviation angle; (4) increasing fracture toughness will increase breakdown pressure, the difference in breakdown pressure, however, becomes less as dimensionless crack length increases; (5) 
